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Summary. The functional determinant of elliptic differential operators on the circle
was introduced in [3]. In the present paper, optimisation of this determinant over
essentially bounded functions is studied as an optimal control problem on the special
linear group of real matrices. In the one dimensional case, existence and uniqueness
of maximisers and minimisers is proved.

1.1 Statement of the problem

Following [3] we consider the determinant of a differential operator

P
A= Z Aka
k=0
defined on R™-valued functions, N a positive integer, where D = —id/dx
is the complex valued derivation operator for such functions (i*> = —1) and

where the Ay : S — M(N,R), 0 < k < p, are matrix-valued (square matrices
of order N) functions defined on the circle.”> We are interested in address-
ing optimisation issues for such determinants under suitable restrictions on

® The fundamental reference for spectral problems on the circle S' (geometrisation
of the periodic boundary conditions) is [3], more general than [4]. The latter



2 J.-B. Caillau, Y. Chitour, P. Freitas, and Y. Privat

the potentials involved. For the rest of the paper, we identify S! with R/Z
and functions on S' with one-periodic functions. For Q@ € M(N,R) we use

the Frobenius norm ||Q|| = tr(Q7Q)"/? and recall it derives from the inner
product on M(N,R) given by
(Q1,Q2) = tr(Q] Q2), Q1,Q2 in M(N,R). (1.1)
We will assume that &2
A= —IdN@—i-V(x), (1.2)

i.e., the maximal order of differentiation p is equal to two, and the operator is
in normal form with Ay = Idy (the identity matrix of order N), A; = 0 and
Ap =V a Hill potential. Ray and Singer [6] define the functional determinant
of such an operator as

det A := ¢=¢a(0) (1.3)
where )
CA(S) = Z s
)\j>0 J

the sum being taken over positive eigenvalues of A. The function (4 is well
defined for s with a large enough real part (depending on the eigenvalues
asymptotics), and has a meromorphic extension to the plane that is regular
at s = 0. While (1.3) clearly equals the product of eigenvalues when there
are only finitely many of them, the expression provides a regularisation of the
otherwise divergent product. It is proven in [3] that

det A = (—=1)" det(Iday —R(A)) (1.4)

with R(A) the monodromy operator. More precisely, R(A) is equal to the
fundamental matrix at time 1 of the linear time-varying system on M(2N,R)

R(z) = oy (z)R(x),
{ R(0) — Iduy, (15)

where one sets

g = [602 I%N} , for every Q € M(N,R).

Remark 1. In [3], the potential V appears as —V in (1.5) and we have changed
notations in order to stick with previous optimisation literature [1].

Since its trace is zero, the matrix <4, belongs to the lie algebra s[(2N, R) and
(1.5) defines a dynamics on the special linear group SL(2N,R), a Lie group
of dimension 4N? — 1. This dynamics is bilinear in R and V. We are now in

reference, however, provides much more elementary arguments enabling one to
establish links with the discrete setting.
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position to properly define the optimisation problems discussed in the present
paper.

For every positive M, the set ¥} of admissible Hill potentials is given by
the measurable functions V' so that

Y ={V :]0,1] = M(N,R) | ess sup ||V (z)| < MQ}, (1.6)
z€[0,1]

and we say that a potential V satisfies an L*°-constraint if it belongs to some

Vs

Remark 2. Note that ¥} is convex and invariant by transposition and con-
jugation by orthogonal matrices, i.e. Vi) = UT(-)V(-)U(-) belongs to ¥y
if and only V' does, for any measurable SO(N)-valued U(-) defined on [0, 1].
One could have defined equivalently ¥}, with potentials V' : R — M(N,R)
periodic of period 1 and satisfying the same L bound. In that case, ¥} is
clearly invariant by translation of zg € R, i.e. V,(-) = V(- + z¢) belongs to
Y if and only V' does.

Remark 3. For q € [1,00), one could replace the L constraint by the integral
condition

1
[ V@i ds < e
0

which is referred to as an L?-constraint.

The cost function associated to a potential V' is from now on denoted €(V)
and is given by
(V) = (—1)N det (Idon —R(1)), (1.7)

where R is defined in (1.5). We will study the following optimisation questions:
for every M > 0,

Max — Det(M) :  max (V) subject to (1.5), (1.8)
Vetm

Min — Det(M) : min % (V) subject to (1.5). (1.9)
Vevu

To derive common statements for both optimisation problems, we use %. to
denote €& where ¢ = +1 and in that way Max-Det becomes the minimisation
of ¢_ while Min-Det is simply the minimisation of &, . That is we study, for
a given M > 0,

Ext —Det.(M): min %.(V) subject to (1.5). (1.10)

VeV

This problem is a Mayer optimal control problem with state R in SL(2N, R),
potential V' (control) valued in a Euclidean ball of M(N,R), and bilinear
dynamics. Control problems on Lie groups were intensively studied by Ivan
Kupka and his collaborators [2], and were foundational for what has ever since
emerged as Geometric control theory.
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We begin our analysis in Section 1.2 by stating the necessary condition
satisfied by optimisers (existence is clear). The problem can be formulated
as an optimal control problem over the set of matrices with a matrix valued
control, so the Pontryagin maximum principle provides the appropriate infor-
mation. We also obtain some additional properties of optimisers Section 1.3.
In Section 1.4 we focus on the one-dimensional case. We prove existence and
uniqueness of maximisers and minimisers for the determinant over a bounded
set in L>°(S1).

1.2 Optimality conditions

In this section, we will derive the equations verified by the minimisers of
Ext — Det. as well as their first properties. From now on, M is an arbitrary
positive number and ¢ € {—1,1}. First of all, since ¥3; is non empty and, for
any R € M(2N, R), the set {4, | V € M(N,R), ||V < M?} is compact and
convex, then Ext — Det (M) admits minimisers according to Filippov theo-
rem. According to the Pontryagin maximum principle (PMP), a solution R
of Ext — Det. (M) with minimising potential V' is necessarily the projection
of an extremal, i.e., an integral curve A = (R, P) € M(2N,R)? of a Hamilto-
nian vector field satisfying certain additional conditions. We hereby present a
definition of extremal adapted to our setting. The fact that this is equivalent
to the standard definition of normal extremal is the subject of Proposition 1
given below.

Definition 1. A4 curve X : [0,T] — M(2N,R)? is called extremal with respect
to the control V € ¥ if:

(i) Letting A = (R, P), it satisfies

P(z) = —} ,y P(x). (1.12)
(%) It holds that R(0) = Idan and the following transversality condition holds
trued
P(1) = (-1)"e Com (Idon —R(1)). (1.13)
(iit) Assume moreover that there exists h € R such that a.e. on [0,1]
h=H(R(z),P(z),V(z)) = ng@)](w? H(R(z),P(z),W), (1.14)

where H is the Hamiltonian function defined on M(2N,R)? x M(N,R) by
H(R,P,W) = (P, owR) = (o, P, R). (1.15)

such an extremal is called strong extremal.

5 We denote Com(M) the comatrix of a square matrix M.



1 Optimisation of functional determinants on the circle 5

Remark 4. Note that every potential V' admits a unique extremal (which is
possibly strong).

We then get the following.

Proposition 1. Let R : [0,T] — M(2N,R) be an optimal trajectory of
Ext — Det. (M) with minimising potential V. Then R is the projection on
M(2N,R) of a unique strong extremal A = (R, P) : [0,T] — M(2N,R)?.

Proof. Let V be a minimising potential of Ext — Det.(M) and R the asso-
ciated trajectory by (1.5). Pontryagin maximum principle implies that there
exists a nontrivial pair (p°, P) where the cost multiplier p° is a nonpositive
real number and the covector P : [0,1] — M(2N, R) is a Lipschitz function so
that

1. (R(z), P(x)) € M(2N,R)? satisfy on [0, 1] the adjoint equations:
R=VpH, (1.16)
P = —VgH; (1.17)

2. we have the maximality condition given by (1.14);
3. the following transversality condition holds true: P(1) = p°V%.(V).

In addition, since H does not depend on time, its value in (1.14) does not
depend on time and is denoted by the constant real number h. As

VpH = @yR, VipH =o4LP, Vdet(ldyy —R) = — Com(Iday —R),

the items of Proposition 1 follow at once, except the facts that p° can be
taken equal to —1 and A is unique. To establish the first fact, it is enough to
show that p° cannot be null. To show that, we argue by contradiction and, in
that case, it follows that P(1) = 0. Since (1.19) is linear in P, one gets that
P is identically equal to zero on [0,1]. This contradicts the non triviality of
the pair (p°, P) and hence p° # 0. Regarding the uniqueness of ), note first
that, given M > 0, trajectories of (1.5) are in one to one correspondence with
potentials in ¥}y, since to each such trajectory, there is a unique potential
V' € Y necessarily defined as the lower left N x N block of @, = RR™1
(recall that R is absolutely continuous). By Item 3., P(1) is determined by
R(1) and hence P is computed from (1.17). O

To take advantage of the maximisation condition (1.14), after defining
q = PR”, we rewrite Proposition 1 only using ¢ and we deduce at once that

Proposition 2. Assume that a trajectory R of Ext — Det (M) with potential
V' is the projection of an extremal trajectory A = (R, P). Define

AN
= PRT = , 1.18
’ A (119
where the various blocs are N x N matrices. Then the dynamics of q is given,
a.e. on [0,1], by

7 We denote [Q1,Q2] = Q1Q2 — Q2Q1 the commutator of matrices.
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i(z) = [q(x),ﬂg(z)}, g(1) = (=1)¥e Com (Idany —R(1))RT(1), (1.19)

which yields, for a.e. z € [0,1],

Zy =9 —-VTy, (1.20)
G =2y — 7y, (1.21)
O =2VT —vT7,, (1.22)
Zy = VT — 4. (1.23)

The Hamiltonian function H defined in (1.15) is equal to
H(R,P,W) = (g, o) = tr(¢) + (o, W). (1.24)

Moreover, it holds

q" (z) = R(x)q" ()R~ (x), for every x € [0,1], (1.25)
¢p=-20+VTpo+ VT for ae z<€l0,1], (1.26)

and in particular q(+) is periodic of period one.
Assume moreover A = (R, P) is a strong extremal. If o(x) # 0, then

V(r) = M? Higg\l and, for every x € [0,1], it holds

h = tr(¥) + M?||p(@)]l, (1.27)
tr(p) = —2h + 4M?||p(x)]|. (1.28)

Proof. Most the above is immediate except (1.25). The latter follows from the
fact that, for every x € [0,1],

¢"(z) = R(z)R™ ()" (YRR ().

The above equation then yields (1.25) after noticing that R(1) and ¢*(1) com-
mute. (]

From now on, we indifferently call extremal either the pair (R, P) or the pair
(R, q).

Remark 5. In the light of Item (i4i) of the above proposition, one can see that
the potential V' is not (immediately) defined at a zero of ¢. In the sequel, the
latter function ¢ is refereed to as the switching function and we single out a
particular instance of zero of ¢, namely that of switching time defining such a
point x, € (0,1) for which ¢(x.) = 0 and there exist two sequences (2, )neN
and (yn)nen of two by two distinct points, both converging to z, such that
(p(zn), ¢(yn)) < 0 for n € N. Clearly, a zero of ¢ in (0,1) which is not a zero
of ¢ is a switching time.
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Remark 6. At every R € SL(2N, R), the tangent space is
TrSL(2N,R) = {rR | r € M(2N,R) such that tr(r) = 0}. (1.29)

Using now the inner product introduced in (1.1), one can identify the cotan-
gent space T}, SL(2N,R) as

T3 SL(2N,R) = {¢(R"1)T | ¢ € M(2N, R) such that tr(q) = 0}.  (1.30)

We next notice that the flow associated with (1.19) is isospectral (cf. for
instance [5]), in particular the trace of ¢ is constant on [0, 1] equal to tr(g(1)).
Define indeed

i) = ga) — D)

o lda, P(z) = (z)(R"(x)) ", for z € [0,1].

Clearly the curve A = (R, P) takes values in 7* SL(2N,R) and is an integral
curve of the Hamiltonian vector ﬁeld~ﬁ associated with H. Finally, when
applying the PMP to R, we claim that A turns out to be the required extremal
with R as projection onto SL(2N,R): the dynamics of A has been described
just previously, i.e., A = ﬁ(j\), the maximality condition is exactly (1.14) and
the tranversality condition (1.13) now says that P(1) — p°V%.(V) belongs
to the normal cone at Try SL(2N,R), where the gradient is projected on
TF1)SL(2N,R). Since that normal cone is equal to R(RT(1))~! and since

one easily shows that p° = —1, one gets the claim regarding .

1.3 Invariance and symmetries

We begin by providing the following property regarding translated potentials
ensuring that the problem is well posed for controls defined on S! ~ R/Z.
In particular, the uniqueness results of Section 1.4 are stated for controls in
L>(Sh).

Lemma 1. Let R be a trajectory of Ext — Det.(M) associated with potential
V' and corresponding extremal (R,q). For xo € R, consider the potential V,
translated from V' according to Remark 2. Then V, has same cost as V' with
corresponding extremal (Ry,, qz,) and one gets that

qgco(‘r) = q(x + $0), P (l‘) = (p(l‘ + xO)v Vz € R. (131)

where ¢ (pz,, respectively) denotes the switching function associated with V
(Vo , Tespectively).

Proof. Tt is immediate to derive that the trajectory R, of (1.5) associated
with V;, is given by

R, (2) = R(z + x0)R(x0) ', Vz €R, (1.32)
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and, by periodicity of V', it follows that
Ray (1) = Rlz0) R(1)Rzo) L. (1.33)
Using the above equation, one gets that
%.(Vay) = (—1)Nedet(Iday —Ray (1)) = %(V),

and hence has same cost as V. Let A\, = (Ra,, Pr,) be the unique extremal
associated with R,,. Then, from (1.25), it holds

47 (2) = Rug(2)(Ruy (1) 47 (1) Ry (1) (Rao ()~ Va € [0,1],

and, from (1.19), one has
Gzo(1) = (=1)Ye Com (Id2y Rxo (1)) Rz, (1)
= (-1)Ve Com(IdQN (1)R(xo)—1)R§0(1)
= (~1)"e (R(o)")” Com(ldm ~R(1))R(x0)" Rizo) ™"
= (R(z0)T) " 'q(1)R(zo)".
Using the above equation, (1.32) and (1.33), one gets (1.31). O

We then prove that there always exists potentials V with negative costs,
implying that minimal values for Ext — Det.(M) are always negative, which
in particular, exclude the zero potential from optimality.

Lemma 2. The cost €-(0) associated with the zero potential is equal to zero.
For every N x N diagonal matriz D = diag(e1d3,--- ,end% ), where €2 = 1
and d; > 0 for 1 <i < N, let 6.(D) be the cost associated with the constant
potential equal to D. Then

%.(D) = (—2)NelIY, (1 — c.,(d;)). (1.34)
Moreover, for every M > 0, D € Yy if ZZ 1d? < M? and then 6-.(D) < 0
if one chooses e16 = —1, ¢; =1 for 2 <i < N and d; not a multiple of 27 if
g1 = —1.

Proof. One clearly has that the trajectory Ry of (1.5) associated with the zero
potential is equal to

Ro(x) = [I%N inSVN] for z € [0, 1].

The conclusion follows at once. Using (1.43), one easily deduces the value
resolvent matrix Rp associated with D at z =1,
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Roy— | ding(es (d). - oy (dy)  ding(T o S
diag(e1d1se,(d1), -+ ,endnsey (dn)) diag(ce, (d1), -+, cen (dN))

(1.35)

An elementary computation yields (1.34) and the lemma follows. O

We now derive basic facts on optimal trajectories.

Lemma 3. Assume that R is an optimal trajectory associated with a min-
imising cost V' and let h be the constant value of the Hamiltonian defined in
(1.14). Then the following facts hold true.

(a) The cost €.(V) is negative and hence Idany —R(1) is invertible. Moreover,
the switching function ¢ is of class C?, the matriz ¢ = RPT defined in
(1.18) is periodic of period one, it holds that

g"(1) = €.(V)(1day —R(1)) " R(1) and ¢" (z) = R(x)q" ()R (x)

(1.36)
for every x € [0,1], and the following relation holds true
1
h= 2M2/ ()| da. (1.37)
0
(b) If h =0 then there exists an invertible Z, € M(N,R) such that
_1Z. 0

and (—1)Ne is negative.
(¢) If h > 0, then ¢ has a finite number of zeroes in [0,1] at which either ¢
does not vanish or ¢ is well defined and does not vanish.

Proof. From (1.26) and the expression of V' at points where ¢ does not vanish,
one deduces that ¢ is of class C? on [0,1]. The one periodicity of ¢ is an
immediate consequence of Lemma 2. In that case, one can simplify (1.19) and
(1.25) to get (1.36). The latter equation implies that R(1) and ¢ (1) commute,
which implies by using (1.36) that ¢(0) = ¢(1). Since g is solution of a Cauchy
problem (the ODE ¢ = [q, A} } together with an initial condition), it follows
that ¢ is periodic of period one. Finally, integrating (1.28) between 2 = 0 and
x = 1 and using the periodicity of tr(¢), one gets (1.37). Assume h = 0. From
(1.37), it follows that ¢ = 0 and then (1.26) implies that ¢ = 0 as well. The
rest of the dynamics of ¢ clearly yields that ¢ is constant on [0, 1], verifying
(1.38). By using the latter fact after taking the determinant in (1.36) it follows
that
(det Z.)? = (=1)Ne [det (Tday —R(1))]*Y ™ = 4 (v)2V -,

and the last part of Item (b) follows. We provide next an argument for Item (c).
Arguing by contradiction, it would follow that there exists a sequence () ken
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of two by two distinct times in [0, 1] so that limg_,oo 2 = T and p(zx) = 0
for k > 0. Since ¢ is of class C!, one has that ¢(Z) = 0 by continuity of ¢
and then ~
0= lim ST @) _ g
k— o0 T — T
Since V' is bounded, one deduces from (1.26) that ¢ is twice differentiable at
x = T. Moreover, ¢(T) is not zero since, from (1.26), it holds

tr(¢(z)) = —2h < 0.

By a Taylor expansion at order two, one obtains that there exists an open
interval I centered at Z so that ¢(z) = 0 for x € I only if x = Z. That con-
tradicts the existence of the sequence (x)ren- O

We end the section by providing preliminary symmetry properties for a
minimising potential. For that purpose we define the following matrices of
M(2N,R):

_ . | 0 Idy - . | 0 Idn
J—;ZfIdQNl.e.J—[IdN 0}7 A—MIdle.e.A—[_IdN 0}7

Uo

%{OU

} , for every U € SO(N), %Bg = dgT, for every @Q € M(N,R).

Note that J? = ATA = Id,y.

Proposition 3. Let M > 0, V € Y3 and R the trajectory of (1.5) associated
with V.. The following items are equivalent:

(1.) V is a minimising potential for Ext — Det (M) along (1.5);

(2.) for every U € SO(N), Vo = %TVU is a minimising potential for
Ext — Det (M) along (1.5) with % TR% as associated trajectory;

(3.) V is a minimising potential for Ext — Det (M) along trajectories of each
of the following four dynamical systems

{ S(z) = By (2)S(x), {S(x) = —RBy (2)S(x),

S(0) = Idy. S(0) = Idy,

{ S(x) = S(x) By (), {5(33) = —S(z) Ay (2),
S(0) = Idy, S(0) = Idy,

with JRJ, ATRA, RT and R~ as associated optimal trajectories respec-
tively and same value of the cost;

(4.) VT is a minimising potential for Ext — Det (M) along (1.5) with asso-
ciated trajectory AT(RT)LA.

Proof. Showing the several items is immediate once one notices that

JagJ = Bg, ATJZ%QA = —%g, for every Q € My(R).
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As for the equality of the costs, we just check the following

det(Iday —R™(1)) = det ((R(l) - IdgN)R_l(l)) = det(Iday —R(1)).

1.4 One-dimensional case

From now on N =1, M is still a positive number and

Y = {V :[0,1] = R | V measurable and ess sup |V (z)| < M?}.  (1.39)
z€[0,1]

From Item (iii) of Proposition 2, it holds that V(z) € {—M? M?} as soon as
¢(x) # 0 and this motivates the following definition.

Definition 2. Let R be a trajectory of (1.5) associated to some V € ¥jr.
A bang arc v : I — M(2,R) is a piece of R defined on some non empty
subinterval I C [0,1] such that V = vM? is constant on I, with v € {—1,1}.
A trajectory R of (1.5) is said to be bang if it is made of a unique bang arc
and bang-bang if it is the concatenation of bang arcs.

We first examine the Max-Det problem. In dimension N = 1, the cost to
maximise is
¢y = —det(Iy — R(1)),
= —(1—trR(1) + det R(1)),
=trR(1) —2

since the monodromy R(1) belongs to SL(2, R). Maximising %} is so equiva-
lent to maximising the trace of the monodromy

tr R(L) = 2(1) +y/(1),

where 2z and y satisfy —w” 4+ V(x)w = 0 with respective initial conditions
(2(0),2(0)) = (1,0) and (y(0),'(0)) = (0,1).

Proposition 4. Let Vi and Va be two potentials in Li (Ry), Vi > |Va a.e.,

loc
and let y1 and yo satisfy —yi + Vi(x)y; = 0, i = 1,2. If y1(0) > |y2(0)| and
y1(0) = [y2(0)[, then yi(x) > |y2(x)| and yy(x) = |y5(x)| for all z > 0.

Proof. (i) First assume V; and V5 constant, V3 = A and Vo = B with A and
B two reals such that A > |B|. One has

y1(z) = y1(0) cosh(az) + zy] (0) sinhe(ax)

where o = VA, and where we denote
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. sinh(z)/z if x #£ 0,
sinhe(z) = {1 i ifxiO.

If B is nonnegative, let 8 := v B < «; one has

[y2()] = |y2(0) cosh(Ba) + xy5(0) sinhe(Bz))|
|y2(0)| cosh(Bx) + x[y5(0)| sinhe(Bz)

< Y2
< 41(0) cosh(az) + zy; (0) sinhe(ax) = y ()

for > 0 since both cosh and sinhc are nondecreasing functions on R (and
B < ). Similarly, for z > 0,

ly2(2)| = |By2(0) sinh(Bz) + y5(0) cosh(Bz)]
< ay1(0) sinh(ax) + y1(0) cosh(az) = v ().

If B is negative, let 8 := v/—B < «; one has (denoting sinc(z) = sin(x)/z if
x # 0, sinc(0) = 1)

[y2()] = [y2(0) cos(Bx) + zy5(0) sinc(Bz)|
|y2(0)[ cosh(Bz) + x[y5(0)| sinhe(Sx)

y1(z)

IN N

for z > 0 since | cos| < cosh and |sinc| < sinhc on R. Similarly, for > 0,

lys(2)] = | = By2(0) sin(Bz) + y5(0) cos(B)|
< ay1(0) sinh(az) + y1(0) cosh(ax).

(ii) Take now some positive x, and assume V; and V5 are piecewise constant on
[0, z]; there exists a common subdivision 0 = zg < 21 < ... < axy =z, N > 1,
such that on every [z;, z;+1[ both Vi and V5 are constant, with Vi > |[Va]. A
simple recurrence using step (i) allows to conclude that y;(z) > |y2(x)| and

() = [ys()].

(iii) Consider eventually V7 and V3 locally integrable on R, and fix = > 0.
There exist two sequences (Vi,n)n, (Van)n of piecewise constant functions
converging in L'(0,z) to V; and Vi, respectively. These sequences can be
chosen such that Vi, > |Va,|, n € N. Then according to point (ii), for
all n € N, y1 (%) > |y2.n(z)| and vy ,,(z) > |ys,,(x)|, where y; , denotes the
solution associated with V; ,, and fixed initial conditions (y;(0), y;(0)), ¢ = 1, 2.
Since, for any given initial condition (yo,y(), the mapping V — (y(x),y'(x))
(where y is the solution of —y” + Vy = 0, y(0) = yo, ¥'(0) = y{) is continuous
from L'(0,z) to R? (see, e.g., Proposition 7 in [1]), passing to the limit one
obtains that y1 (z) > |y2(2)| and v} (z) > |y (z)|. As z is arbitrary, the desired
conclusion holds. O
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Corollary 1. For V in L*°(0,1), let y and z denote the solutions of
-y +V(z)y=0, y(0)=0, y'(0)=1,

—2"+V(z)2=0, =2(0)=1, 2'(0)=0.

Then, for any positive bound M, the constant potential V.= M? is the unique
function maximising both y(1), y'(1), z(1) and 2'(1) over essentially bounded
potentials such that |V || < M?2.

Theorem 1. The unique solution of the Max-Det(M) problem in the peri-
odic case is the constant potential equal to M?.

Proof. Tt is clear from the previous corollary that the constant potential
V = M? maximises z(1) + ¢'(1) among essentially bounded potentials such
that ||V ]|ec < M2. Let V be a measurable function satisfying the same bound
and such that V is strictly inferior to M? on a positive measure subset of [0, 1];
a direct estimation allows to prove that the associated values of both z(1) and
y'(1) (hence of their sum) are strictly smaller than the values obtained for the
constant potential V = M?2. O

We eventually handle Min-Det. In particular, we immediately derive the
following result after Lemmas 3 and 2.

Lemma 4. Assume that R is an optimal trajectory associated with a potential
V' minimising ¢1. Then the following cases may occur.

(i) If h = 0, then V is equal to the constant potential Vo = —M? and ¢
never vanishes on on [0,1]. In that case, the minimal cost is equal to
€1(Vo) = —2(1 — e (M));

(i¢) if h # 0, then ¢ has a finite number of zeroes in [0,1] and V(x) =
M?Z?sgn(p(x)) outside a finite set made of the zeroes of .

Hence, either R is the bang trajectory Ry associated with Vi or it is a bang-
bang trajectory with a finite number of bang arcs.

Proof. From Lemma 2, we know that the minimal value of %] is negative, and
then, Item (a) of Lemma 3 only leaves the possibility of ¢ never vanishing on
[0, 1]. Hence V is constant equal M or —M. Since Cy (M) > 0, Item (3) follows
at once. Item (i7) is essentially a rewriting of Item (b) of Lemma 3 together
with Item (éi7) of Proposition 2. O

In the one-dimensional case, we can actually give a more elementary proof
that minimising potentials are bang-bang with finitely many switchings using
the structure of s[(2, R). Our minimisation problem is a Mayer problem with
linear cost, tr R(1) — min, and bilinear dynamics

R(z) = FyR(z) + V(x)F1R(x)
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with a single input control such that, a.e., |V (z)| < M?, and matrices (linear

vector fields)
01 00
o=loo) =[]

Together with their commutator®

10
Fop = [Fo, [1] = {O _J )
these matrices form an sls-triple of the dimension three Lie algebra. In par-
ticular, one has

Foor = [FO,F(M] = 72F0, Fio1 = [Fl,F()l] = 2F. (1.40)

Denoting H; := (P, F;R), for i = 0,1, the Hamiltonian lifts of Fy and F}, the
Hamiltonian is H = Hy + V Hy. To analyse the structure of the set of zeroes
of H; along an extremal, one can compute (with the same notation as before)

Hy = Hoy, Hoy = Hoo1 + VHyor.

Because of (1.40), H, = 2(V H, — Hy) so H; is €2 (since V is bounded, V H,
vanishes whenever H; does) and there are two cases at a switching time: either
Hy; is not zero, or Hyy is zero and Hgpp is not (P would otherwise vanish,
which is forbidden, since Fy, F} and Fp; form a basis of the Lie algebra). In
both cases, the switching time must be isolated.

We focus now on strong extremals associated with h # 0, and introduce
the following notations: if v? = 1, we use ¢, (t) (respectively s,(t)) to denote
cosh(t) if v = 1 and cos(t) if v = —1 (respectively sinh(¢) if v = 1 and sin(t)

if v = —1). With these conventions, one also has for every x € R that
(x) —vsi(z) =1, ¢,(x) = vs,(x), 4,(2) = ¢ (), (1.41)
cr(2z) = 1+ 2vs%(x), 5,(22) = 2us,(x)c, (z). (1.42)

As a consequence, if d is a positive real number, the solution of the linear
second order equation ¢ = vdy is given by

y(t) = e (d)y(0) + ésy(dt)y(o), [ER. (1.43)

We have the following two intermediate results.

Lemma 5. Let (R, q) be a strong extremal projecting on an optimal trajectory
R which is associated with a potential V minimising €1 with corresponding
h # 0. Assume furthermore that

8 Note that we use the matrix commutator whose sign is opposite to the Lie bracket
of the associated linear vector fields.
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1. V is not identically equal to —M?;
2. kg < x1 are two consecutive zeroes of ¢ in [0,1], ie., |p| > 0 on (xg,x1).

Set T := x1 —x9 > 0 and v = sgu(yp) on (zg,z1). Then both ¢,(MT) and
s, (MT) are non zero and the following holds:

h

o(z) = W&,(M(x —1x9))8y (M (z1 — ), for x € [xo,z1]. (1.44)

In particular,
J(MT
o(xo) = —p(z1) = hiyEMTi £0. (1.45)

Proof. In the case N = 1 and using the notations of the lemma, one can
rewrite (1.26) as

h
¢ =4vM?(p — 2?\42) for x € [z, z1]. (1.46)

Integrating (1.46) yields that

p(z) = 211/\;2 (1 —c,(2M(x — xo))) + Bs,(2M(x — xg)), (1.47)
@(x) = 2M*Be, (2M (x — x0)) — hs, (2M (z — x0)), (1.48)

where B is a constant satisfying

vh
2M?2

(1 - ¢,(2MT)) = Bs, (2MT). (1.49)

From (1.48), one deduces that
o(xg) = 2M?B,  ¢(x1) = 2M?Be,(2MT) — hs, (2MT). (1.50)

We prove next that s, (MT) # 0. Arguing by contradiction, it would first
imply that v = —1 and then V = —M?2, ¢,(2MT) = 1, 5,(2MT) = 0 and,
from (1.50), that ¢(xg) = ¢(z1) = 2M?B. If B # 0, then sgn(B)¢ is positive
in a right neighborhood of zy while it is negative in a left neighborhood of
x1, implying that ¢ must vanish inside (xg,z1). This contradicts Item 2., and
therefore one deduces that B = 0 and then ¢(zg) = @(z1) = —2h, yielding
that o > 0 and zg and z; are not switching times. We claim that every
zero of ¢ is not a switching time and that V = —M?2. Indeed, recall that a
zero of ¢ is isolated and there are a finite number of them. Consider then zs
distinct from xg and z;. Assume that it is consecutive to z1, i.e. |p| > 0 on
(21, z2). Reproducing the reasoning done on [z, 1] with x; (respectively x2)
replacing xq (respectively z1), we conclude from (1.50) that the corresponding
B is equal to zero and from (1.47) that ¢, (2M (x2 — 1)) = 1, d.e.,, v/ = —1
and s, (M (z2 — x1)) = 0. Being back to the previous situation, one deduces
that ¢(x2) = 0. Proceeding in that way step by step, one gets the claim. This
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contradicts Item 1. and finally one has proved that s,(MT) # 0. From (1.49)
and (1.42), one gets that

_h ¢, (MT)
- 2M?2s,(MT)’

and direct computations finally yield (1.44) and (1.46). O

To state our subsequent results, one needs to define, for every positive real
number M the function Fjs : [0,1] = R4 by

Fa(a) =2+ T — arctan]&tanh(M;v)) . (151)

The basic facts on this function are the following:

™ 7 — arctan (tanh(M)) 2 tanh?(Mz)
F =— Fyl)=1 F; =
w(0) = 57 Fu(l) =1+ M (@) =1 + tanh?(Mz)’
(1.52)

for all z € [0,1]. Hence Fy; is a C*, strictly increasing bijection from [0,1] to
(47> Fa(1)] and Fiaz(1) > 1. Our second intermediate result goes as follows.

Lemma 6. Let (R, q) be a strong extremal projecting on an optimal trajectory
R which is associated with a potential V minimising €1 with corresponding
h # 0. Assume furthermore that R is not a bang trajectory. Then, up to a
translation, V is periodic of period Ty + Ty so that V. = M? on [0,T1] and
V = —M? on [T1,Th + Ts] where Ty, Ty € (0,1) so that they satisfy

— t tanh(MT;
Ty =" arcang;“ U) (1.53)

and there ezists a positive integer | such that
Fy(Ty) = 1/1. (1.54)

Proof. Notice that R must have at least two distinct bang arcs and then at least
two switching points. Moreover, all the zeroes of ¢ must be switching times
according to (1.45). Thanks to Lemma 1, we can assume, up to translating the
potential V', that 0 is a switching time and ¢ > 0 in a right neighborhood of
zero (since both signs are taken on [0, 1]). Since ¢(0) # 0, it must be positive
and (1.45) yields that both h and v are positive. We first claim that x = 1
must be a switching time. For otherwise, ¢(1) # 0 and hence V has a constant
sign in a left neighborhood of 1. If V' = M? there, then for a > 0 small enough
one has that ¢_,(a) = ¢(0) = 0 and ¢_,(a) = $(0) # 0, i.e., a is a switching
time for V_,. This is in contradiction with the fact that V_, = M in an open
neighborhood of a. If now V' = —M? in a left neighborhood of 1, let x, < 1 be
the largest zero of ¢ in [0, 1]. It turns out that V. changes sign at z =1 — =z,
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but this is in contradiction with the fact that ¢, (1 —z,) = ¢(1) # 0. We
have proved the claim. Now we show that the last bang must correspond
to V.= —M?2. Indeed if it were not the case, then V, = M? in an open
neighborhood of some a > 0 small enough with ¢,(a) = 0, which is not
possible. It means that R is the concatenation of an even number of bang
arcs, i, 1 <14 < 2l, where on the y2;_1’s, 1 < j <1, one has V = M? and on
the y2;’s, 1 < j <, one has V.= —M?. Let T; > 0 be the duration of each
bang arc ;, for 1 <1¢ < 2[, and clearly

21
Y Ti=1 (1.55)
i=1
We next prove that Ty = F(T}). Indeed, consider (1.45) written for (zg, 1) =
(0,71) and then (xg,z1) = (T1,T1 + T2). One deduces that

htanh(MTl) = QD(O) = 7¢(T1), htan(MTg) = (p(Tl) = 7¢(T1 + TQ)
(1.56)
It follows at once that

tanh(MTy) = — tan(MT5) € (0,1).

It follows that MT, — kr € (2%, 7) for some non negative integer k. Then

k = 0 otherwise, using (1.44), ¢ would have another zero in (T1,T; + 1),
which is not possible. One deduces (1.53). We finally prove that
T2j_1 = Tl, ng = TQ, for 1 S] S l. (157)

We only provide an argument for T35 = 77 since the other equalities are de-
duced in an identical manner. For that purpose, consider (1.45) written for
(xo,21) = (T1 + To, Ty + To + T3). One deduces that

htanh(MTg) = (p(Tl + TQ) = 7¢(T1 + T2 + Tg)

Using (1.56), one gets that

o(Th + T
tanh(MTs) = W = —tan(MTy) = tanh(MTY),
yielding that Ty = T3 and V is (11 + T»)-periodic. One deduces (1.54) from
(1.55), which concludes the proof of Lemma 6. O

We are able to state the proposition providing a complete solution to
Min-Det in the case N = 1.

Theorem 2. For every positive M, the optimal control problem Min-Det (M)
admits a unique minimising potential Vi, in L>°(SY) defined as follows.

(a) If M € (0,7, Vipin = Vo = —M? and the minimal value for Min-Det (M)
is equal to 61 (Vo) = —2(1 — c_(M));



18 J.-B. Caillau, Y. Chitour, P. Freitas, and Y. Privat

(b) If M > 7, Vypin is the potential Vi equal to M? on [0,t1] and —M? on
[t1,1], with Fp(t1) = 1 and the minimal value for Min-Det (M) is equal
to %1(‘/1) = —2(1 - C,(M(l - tl))0+(t1)).

Proof. It M < m, then Fyp(z) > 1 for every x € (0,1] and one deduces
from (1.54) that there is no 77 € (0,1) satisfying the properties required for
the existence of a an optimal trajectory R which is not a bang trajectory.
Therefore, the only candidate left as minimising potential by Lemma 4 is
V = Vj, i.e. Item (a) holds true. Assume now that M > 7. Define the positive
integer L := E(2L) (where E(z) stands for the integer part of the real z), and
the 2L times

ty=Fy (1)), ss=1/1—t;, 1<I<L. (1.58)

According to Lemma 6, there exists a bang-bang trajectory R; with 2/ bang
arcs and associated with the periodic potential V; of period 1/I so that V, =
M? on [0,#;] and V; = —M? on [t;,#; + s;]. Recall that Ry is the trajectory
of (1.5) associated with Vj. Then, one gets from Lemmas 4 and 6 that a
minimising potential V,,;, must be equal to V; for some integer 0 < [ < L.
In order to conclude, one is left with the computation of the costs € (V}), for
positive integers 1 <[ < L. A lengthy but straightforward computation yields
that

[ oes(ms) =) cp (M) =M
Ri(1/1) = [Ms_(f\ész) C_(%sl)} {M:;_(]\lltl) C+(Aj@tl)}

_(Msp)s Mt;))+s_(Ms;)c Mt
— e (Msp)ey (Mty) +s_ (Msy)sy (Mty) (Msp)s 4 ( ”M (Msy)ey (Mty)
M(s_(Msp)ey (Mty) +c_ (Msy)sy (Mt))) e (Ms))ey (Mt)) — s_ (Ms))sy (Mt])

(1.59)

and one has that det(R;(1/1)) = 1 and

o — _M = e (Mspes(Mt), 1<I<L.  (L60)

We use 17, L in C to denote the eigenvalues of R;(1/1). Since V; is 1/I-periodic,
one gets that R;(1) = Rl(1/1) and hence

l —1
r+n

% (V1) = —det (Ids —Rj(1/1)) = (-2)(1 — ), 1<I<L. (161)

Recall that Ms; € (?jf,w) and hence, it holds, for 1 <[ < L that

—c_(Ms;) = —c_ <7r — arctan (tanh(Mt;)) ) (arctan (tanh(Mtl)))
_ 1 _ o (Mt)
/1 + tanh? (Mt,) \/ (Mty) + 2 (MTy)

and then
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2 (Mt)
+ l

= —— > 1. (1.62)
QCi(Mtl) -1

Let & > 0 such that a; = ¢4 (&). Since r; and % are the roots of the degree
two polynomial X2+ 2c, (£)X + 1, one gets that 7, = —e& and finally it holds

6(V) = (-2)(1 = (-1 (16)-

For even [’s, the cost is non negative, implying that V; cannot be minimising.
For odd I’s, the cost is smaller than —4 and then smaller than % (V). It
remains to show that % (V}) reaches its minimal value for [ = 1. For that,
it is enough to prove that the mapping G : [ — [&; is strictly decreasing for
l € [1, L]. Computing, one gets

& cp(Mt) Fyu(Mty)

G'(l) = Mtl(m T ) ), lell, L]

Since F;(Mt;) > t;, one would have that G’ (1) < 0 if one shows that § < Mt;.
In turn, that last inequality is itself equivalent oy < ¢4 (Mt;), inequality which
does hold true by (1.62). This concludes the proof of Theorem 2. 0
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